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�ى ا���������  

-  !��
  ا��'�ر��ت ا�)'
� وا���ود
� و ا������دا�� �دد
�(�ذ�
ر):�ا����
ل ا���
  ا�����
� ا� روع -
  �'�ر ����! و�'ط ا-��ط�ف -
�ور ����ل و�ر�ز ����ل -�  
- �
  و����
� درا�� و���
ل دوال - �ذر

  ا���رات ا���
��ة 
-  �

�د�����ب ���'�ت ا�دوال ا-  
�د
د ر���� دا�� ا�ط23� �ن إ��رة ���'�0� . -�  
-   �0�
�د
د إ��رة دا�� ا�ط23� �ن �دول �5
را�0� أو �ن ����!��
  ا���
)ا��ل ا���
��! ����د�� �ن ا���ل :  - ) ( )=f x g x   : ت  �ن ا���ل��)و ��را� ) ( )≤f x g x     
- !��
�د
د ���'� و ر���� ا�دا�� ا����
� �دا�� ���7� و ر�
�� 2ط�� ��6 ���ل و ���
�0� ا����  
�ول ا�'
م ا�د�و
� و  - �
'
�ل ����ل �ط��
  ا�'
م ا�'7و
�دود
� و�ذر
� و درا�� و���
ل دوال -   . �
 - �ذر
� و دوال ����
  

I.  ا�������  �	�
�د'&($#"��):�ا�
�ا�&   
)و xدا	� ��د�� 	����
 �����f �� ���� ا	��
ات ا	������, )C 

����� ������ � �� �� ��ھ�"��( ); ;o i j
� �

  

  ا����رب ا���ازي ����ر ا�را$��:)1
,'�-$:#$�)إذا % )lim

x a
f x

+→
= )أو ∞+ )lim

x a
f x

+→
= أو ∞−

( )lim
x a

f x
−→

= )أو ∞+ )lim
x a

f x
−→

= −∞  

x$�,ل إن ا	�(���� ذا ا	���د	� a= -�"��رب 	 ���( )C  ر,"��,ازي 

 ا5را3�4. 


 ا	�ا	� :�	�ل���$f    : �	��	�% ��
)ا	�� ) 2

1

x
f x

x
=

−
  


�7 ا	�ا	�  ��fDد  .1�8 4��f 

)أ�(3 :  .2 )
1

lim
x

f x
+→

 �9��� 	 ��$���� وا�> 4;و�: 

} )1أ�0/& : }/ 1 0fD x x= ∈ − >ℝ  

1 1 0x x> ⇔ − >  
 :=��[و [1;fD = +∞   

2( 
1

lim 2 2
x

x
+→

و  =
1

lim 1 0
x

x
+

+

→
− =  :=��)و )

1
lim
x

f x
+→

= +∞  

�$�1xا	�(���� ذا ا	���د	�: ا	�;و�< ا	��� = -�"��رب 	 ���( )C 

 �,ازي �",ر ا5را3�4
  ا����رب ا���ازي ����ر ا��2�3 :)2

:,'�-$  #$�)إذا % )lim
x

f x a
→+∞

)(أو = )lim
x

f x a
→−∞

)$�,ل إن  =

yا	���د	�ذا  ا	�(���� a= -�"��رب 	 ���( )C 9,ارA+∞ 9,ارA أو)

−∞ .>�B�  ) �,ازي �",ر ا�5


 ا	�ا	� :�	�ل���$f    : �	��	�% ��
)ا	�� )
2

2

2

1

x
f x

x
=

−
  


�7 ا	�ا	�  ��fDد  .1�8 4��f 

)أ�(3 :  .2 )lim
x

f x
→+∞

 �9��� 	 ��$���� وا�> 4;و�: 

  أ�0/& :
1({ }2/ 1 0fD x x= ∈ − ≠ℝ    

( )( ) 2 2 21 1 0 1 0 1 0x x x x− + = ⇔ − = ⇔ − =  

⇔1x 1xأو = = − 
  

 
=��}و } ] [ ] [ ] [1,1 ; 1 1;1 1;fD = − − = −∞ − ∪ − ∪ +∞ℝ  

2( ( )
2 2

2 2

2 2
lim lim lim 2

1x x x

x x
f x

x x→+∞ →+∞ →+∞
= = =

−
  

�$�yا	�(���� ذا ا	���د	� :ا	�;و�< ا	��� a= -�"��رب 	 ���( )C 

  �,ازي �",ر ا�5�9A+∞ .>�B,ار
  ا����رب ا���4 :)3

CD�	f ����� 
��x E�"Af  ��Fدا	� ��د�� 	����� G ���F$ >��4
  ). ∞−(أو 9A,ار ∞+9A,ار

:,'�-$  
 #$�)إذا % ) ( )lim 0

x
f x ax b

→+∞
− + ( أو =

( ) ( )lim 0
x

f x ax b
→−∞

− + =  E��(a ∗∈ℝ  

y$�,ل إن ا	�(���� ذا ا	���د	� b∈ℝو  ax b= +  >H���رب ��

-�"�� 	( )C 9,ارA+∞ 9,ارA أو)−∞ .(  


 ا	�ا	� :�	�ل���$f    : �	��	�% ��
)ا	�� )
2

1
f x x

x x
= +

+
  


�7 ا	�ا	�  ��fDد  .1�8 4��f 

 ��دة ا�������ت             أ"�د'��& ا��7& ا��5�6&   

                               ���/& و0�ة            
 

���� ����	
 ا��
�ذ : 
  3��آ�ة ر��/   
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 2. >H��د	� ا	���رب ا	����- ا	�ا	�  ��د "��	f 9,ارA+∞ 
} )1أ�,�A : أ�0/& : }2/ 0fD x x x= ∈ + >ℝ  

( ) 21 0 1 0 0x أو x x x x x= − = ⇔ + = ⇔ + =  

�رة :LGول ا�� >���)$  

  
 :=��[و [ ] [; 1 0;fD = −∞ − ∪ +∞   

2( ( ) ( )
2 2

1 1
f x x f x x

x x x x
= + ⇔ − =

+ +
  

)اذن:  )
2

1
lim lim
x x

f x x
x x→+∞ →+∞

− =
+

  

 ����	: 2lim
x

x x
→+∞

+ =  اذن : ∞+
2

1
lim 0
x x x→+∞

=
+

  

: =��) و )lim 0
x

f x x
→+∞

− =   

�$�yا	�(���� ذا ا	���د	�: ا	�;و�< ا	��� x= -�"�� 	 >H���رب ��( )C 

  ∞+9A,ار
)�D,ن ا	�(���� دو ا	���د	� ::��2& )0a y ax b≠ = +  :H�� �Aر���

-�"�� 	( )C 9,ارA+∞:ن�  إذا و��> إذا %

( )
lim
x

f x
a

x→+∞
)و  = )( )lim

x
f x ax b

→+∞
− =.  

"��N,� إذا ��B�O	ا P�$ ����	x  -	ول إQ�+∞" ب "x  -	ول إQ�
−∞"  


 ا	�ا	� :�	�ل���$f    : �	��	�% ��
)ا	�� ) 2 4 5f x x x= − −  


�7 ا	�ا	�  ��fDد  .1�8 4��f 

) أ�(3 : .2 )lim
x

f x
→+∞

 

3. >H��د	� ا	���رب ا	����- ا	�ا	�  ��د "��	f 9,ارA+∞ 
})1أ�0/& : }2/ 4 5 0fD x x x= ∈ − − ≥ℝ 

  
   ( )2 2 24 4 4 1 5 16 20 36 6 0b ac∆ = − = − × × − = + = = >  

� أن�A  هTن ھ��  ا	"�ود���F	:�   �Tر�C ھ�
1

4 6 10
5

2 1 2
x

+= = =
×

و   
2

4 6 2
1

2 1 2
x

− −= = = −
×

�رة : LGول ا�� =��  و

  
 :=��[و ] [ [; 1 5;fD = −∞ − ∪ +∞   

2( ( ) 2lim lim 4 5
x x

f x x x
→+∞ →+∞

= − −  

����	 : 2 2lim 4 5 lim
x x

x x x
→+∞ →+∞

− − = = +∞ =��)و )lim
x

f x
→+∞

= +∞  

3( ( )
2

2 22

4 5
1

4 5
lim lim lim
x x x

x
x

f x x xx x

x x x→+∞ →+∞ →+∞

 − − − −  = =  

2 2

4 5
1

lim
x

x
x

x x
x→+∞

− −
=  

����	 : x → +∞  : =��xو x=  =��  و

2 2

2 2

4 5
1

4 5
lim lim 1 1 1 1
x x

x
x

xx x a
x x x→+∞ →+∞

− −
= = − − = = =  

( )
( )( )

( )
2 2

2

2

4 5 1 4 5 1
lim 1 lim 4 5 1 lim

4 5x x x

x x x x x x
f x x x x x

x x x→+∞ →+∞ →+∞

− − + − − −
− = − − − =

− − +
    

2 2

2 2 2 2

4 5 4 5
lim lim

4 5 4 5
1 1

x x

x x x x

x x
x x x x

x x x x

→+∞ →+∞

− − − − −= = =
− − + − − +

  

2 22 2

5 54 4
4

lim lim 2
24 54 5 1 11 1

x x

x
x x b

xx
x

x xx x

→+∞ →+∞

 − − − − 
 = = =− =− =

 
− − +− − +  

 

  

4(��y= : و ax b= 2yأي + x= �- ا	�ا	�  −"��	 >H���رب ��f  
 ∞+9A,ار 

 ا	�ا	�  :��$1'>���$f    : �	��	�% ��
)ا	�� ) 24 2 2f x x x= + −  

)و ��د ��fDد .1 )f x′ 

)أ�(3 :  .2 )lim
x

f x
→−∞

 

3.  :  C�A2−=( )
lim
x

f x

x→−∞
)و أ�(3 :  )lim 2

x
f x x

→−∞
+ 

�- ا	�ا	�  .4"��	 >H��د	� ا	���رب ا	��� W���Xأf  9,ارA−∞  
} )1أ�0/& : }2/ 4 2 2 0fD x x x= ∈ + − ≥ℝ  

   
24 2 2 0x x⇔ + − =22 1 0x x+ − =  

( ) ( ) ( )2 22 4 1 4 2 1 1 8 9 3 0b ac∆= − = − × × − = + = = >  

� أن�A  هTن ھ�� �Tر�C ھ��: ا	"�ود���F	   

1

1 3 2 1

2 2 4 2
x

− += = =
×

و   
2

4
1

4
x

−= = �رة : −LGول ا�� =��  و

  

 :=��[و ] 1
; 1 ;

2fD
 = −∞ − ∪ +∞  

   

] [ 1
; 1 ;

2
x

 ∀ ∈ −∞ − ∪ +∞  
  

( ) ( ) ( )2

2

2 2 2

4 2 2 8 2 4 1
4 2 2

2 4 2 2 2 4 2 2 4 2 2

x x x x
f x x x

x x x x x x

′+ −′ + +′ = + − = = =
+ − + − + −

  

2( ( ) 2lim lim 4 2 2
x x

f x x x
→−∞ →−∞

= + −  

����	 : 2 2lim 4 2 2 lim 4
x x

x x x
→−∞ →−∞

+ − = = +∞ =��)و )lim
x

f x
→−∞

= +∞  

3( ( )
2

2 22

2 2
4

4 2 2
lim lim lim
x x x

x
x

f x x xx x

x x x→−∞ →−∞ →−∞

 + − + −  = =  

2

2 2
4

lim
x

x
x x

x→−∞

+ −
=  

����	 : x → −∞  : =��xو x= −  =��  و

2

2

2 2
4

2 2
lim lim 4 4 2
x x

x
x x a

x x x→−∞ →−∞

− + −
= = − + − = − = − =  

( )
( )( )

( )
2 2

2

2

4 2 2 2 4 2 2 2
lim 2 lim 4 2 2 2 lim

4 2 2 2x x x

x x x x x x
f x x x x x

x x x→−∞ →−∞ →−∞

+ − + + − −
+ = + − + =

+ − −
    

2 2

2 2 2

4 2 2 4 2 2 2 2
lim lim lim

2 2 2 2 2 2
4 2 4 2 4 2

x x x

x x x x x

x x x x x x
x x x x x x

→−∞ →−∞ →−∞

+ − − − −= = =
+ − − − + − − − + − −

  

0∆ ≻

0∆ ≻
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2 2

2 22 2 2 1
lim lim

4 22 2 2 2
4 2 4 2

x x

x
x x b

x
x x x x

→−∞ →−∞

 − − 
 = = =− =− =

   
− + − + − + − +   
   

  

4(��y=: و ax b= 1أي +
2

2
y x=− −  -�"��	 >H���رب ��  

 ∞−9A,ار  fا	�ا	� 

II. :&���=6ا�?�وع ا�  
CD�	f 9,ارA ��F��� G ���F$ >��4 د���� �	دا+∞.  

,'�-$1:  

� #$�)إذا % )
lim 0
x

f x

x→+∞
= -�"�)$�,ل إن ا	� )C  ���9 L ��
� >���

  ∞+ا94�ھ= �",ر ا�5�9A >�B,ار

� #$�إذا %
( )

lim
x

f x

x→+∞
= )أو ∞+ )

lim
x

f x

x→+∞
= −∞  

-�"�)$�,ل أن ا	� )C 9,ارA 3�4ر ا5را,"���9� ا94�ھ=  L ��
� >���

+∞.  


 ا	�ا	� :�1	�ل���$f    : �	��	�% ��
)ا	�� ) 2f x x= −  


�7 ا	�ا	�  ��fDد  .1�8 4��f 

)أ�(3  .2 )lim
x

f x
→−∞

 

3. ��9 Y	ع ا
�- ا	�ا	�  أدرس ا	�"��	f 9,ارA−∞ 
} )1أ�0/& : }/ 2 0fD x x= ∈ − ≥ℝ  

2 2 0x x≤ ⇔ − ≥  
 :=��[و ];2fD = −∞     

2( lim 2
x

x
→−∞

− = +∞  :=��)و )lim
x

f x
→−∞

= +∞  

3( ( ) ( )2

22 2
lim lim lim lim

2 2x x x x

xf x x x

x x x x x x→−∞ →−∞ →−∞ →−∞

−− −= = =
− −

  

( ) 2 1 1
lim lim lim 1 0 0

2 2x x x

f x x x

x x xx x→−∞ →−∞ →−∞

− −= × = × = − × =
− −

  

�$��-: ا	�;و�< ا	���"��( )C  >�B���9� ا94�ھ= �",ر ا�5 L ��
� >���

  ∞−9A,ار


 ا	�ا	� :�2	�ل���$f    : �	��	�% ��
)ا	�� ) 1f x x x= −  


�7 ا	�ا	�  ��fDد  .1�8 4��f 

2. ��9 Y	ع ا
�- ا	�ا	�  أدرس ا	�"��	f 9,ارA+∞ 
} )1أ�0/& : }/ 1 0fD x x= ∈ − ≥ℝ  

1 1 0x x≥ ⇔ − ≥  
 :=��]و [1;fD = +∞   

2( lim 1
x

x
→+∞

− = +∞  :=��)و )lim
x

f x
→+∞

= +∞  

( ) 1
lim lim lim 1
x x x

f x x x
x

x x→+∞ →+∞ →+∞

−= = − = +∞   

�$��-: ا	�;و�< ا	���"��( )C  ر,"���9� ا94�ھ=  L ��
� >���  

  ∞+9A,ار ا5را3�4
 ,'�-$2:  

 #$�)إذا % )
lim
x

f x
a

x→+∞
= E��( )a ∗∈ℝ و

( ) ( )( )lim
x

f x ax
→+∞

− = ∞  

-�"�)$�,ل إن ا	� )C  �	د���9� ا94�ھ= ا	�(���� ذو ا	�� L ��
� >���

y ax= 9,ارA+∞.  
�	�\< ا	�
وع ا	9A ���9 Y,ارA ف
�$−∞.  

� � �: f	�CD:�1	�ل�A ��
 ا	�ا	� ا	��د�� ا	��

( ) 2 1f x x x= − −  


�7 ا	�ا	� ��Dد )1��9,�� 4�f.  

)أ�(3 :  )2 )lim
x

f x
→+∞

  

�- ا	�ا	�  )3"��	 ��H�F$Gوع أ
 .fأدرس ا	�
} )1أ�0/& : }/ 2 1 0fD x x= ∈ − ≥ℝ  

1
2 1 0

2
x x≥ ⇔ − ≥  

 :=��1و
;

2fD
 = +∞  

   

2( ( )lim lim 2 1
x x

f x x x
→+∞ →+∞

= −   ش غ م −

( ) 2
2

2 1
lim lim 2 1 lim
x x x

f x x x x x
x x→+∞ →+∞ →+∞

 = − − = − − 
 

  

2
2 2 2

2 1 2 1 2 1
lim lim lim
x x x

x x x x x x
x x xx x x→+∞ →+∞ →+∞

     = − − = − − = − −     
     

  

2

2 1
lim 1
x

x
x x→+∞

  = − − =−∞     

  

3( ( ) 2

2 1

2 1 2 1
lim lim lim 1 lim 1
x x x x

x
f x x xx x x

x x x x→+∞ →+∞ →+∞ →+∞

 − − − −  = = − = −   

( )
2

2 1
lim lim 1 1
x x

f x

x x x→+∞ →+∞

 = − − = − 
 

  

( ) ( )( ) ( )lim 1 lim lim 2 1
x x x

f x x f x x x
→+∞ →+∞ →+∞

− − = + = − = +∞  

�$��-: ا	�;و�< ا	���"��( )C  (���� ذو�	ھ= ا���9� ا94 L ��
� >���

yا	���د	�  x=   ∞+9A,ار −

III. @���� �-�$-:ف�B-ا� C��  
&�2�::CD�	fل�9� - � C�4
��ق ��L:	 � A�b �	داI و( )fC  

�ھ� �� ا	�� �  �"��( ); ;o i j
� �

.  

  #$�fإذا % �,��� � - ا	�9�ل′′I -�"�)�cن 	 � )fC  ا
��4 

 �F�,��",ر ا5را3�4 ا	�,���. ,"$  
  #$�fإذا % �	�� � - ا	�9�ل′′XI -�"�)�cن 	 � )fC  ا
��4 

.��	��",ر ا5را3�4 ا	( ,"$ �F�,�  
  #$�fإذا % ′′  �d��40���م �� ا	x I∈  �F4ر�Lإ 
 و���4

�ن ا	��9A0x   �d,ار�( )( );o oA x f x -�"��ف ا	�d�$ا �d�$( )fC . 


 ا	�ا	� ا	��د�� �	�ل: ���$f - �  ��
   ℝا	��

    : �	��	�%( ) 4 21 2
2

12 3
f x x x x= − + +  

)أ�(3  .1 )f x′′  >D	x  C�ℝ  

2.  ��"�)أدرس �4�
 ا	� )fC  �	ا� 	\< ��	اf =��d�$ا ��d�$ ���"4 �� 

)1 ا���اب :
 

( ) 4 2 3 31 2 1 1
2 4 4 1 4 1

12 3 12 3
f x x x x x x x x

′ ′ = − + + = × − + = − + 
 

  

( ) 3 21
4 1 4

3
f x x x x

′ ′′ = − + = − 
   
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 2(( ) ( ) ( )2 2 22 2 0 2 0 4 0 0x x x x f x′′− + = ⇔ − = ⇔ − = ⇔ =  

2 2x أو x= − = ⇔
  

  

• 
��4( )fC:ل��",را5را3�4 ا	�,��� � - ا	�9 ,"$ =�,� 

] ] [ [; 2 2;−∞ − ∪ +∞  

• 
��4( )fC:ل��",ر ا5را3�4 ا	�,��� � - ا	�9 ,"$ =�,� [ ]2,2−  

�WH �� ��ول ��  ا	���
��e�O 4 CD ا	
 : �� �F4ر�Lا 
4���م و���4 ��$�0ا	����Y ا	\ 02.; 2x x= − =  

 : ��ف ھ�d�$ا ��d�$ ك��)اذن ھ )( )2; 2A f  و( )( )2; 2A f− −    

IV.  F��$ ر��� -: F��$ G"��  
  :���2ت:

CD�	f - � ��
��), و Dدا	� ��د��  )C  ������ � �� �� ��ھ�"��

��� و��a وb C� C�
g��ℝ.  
D�x,ن ا	�(���� ذو ا	���د	�: � a= -�"�� 	 >h��",ر �4( )C  إذا

  و��> إذا %�ن:
>D	x C�D :����	 , ( )2a x D− )و  ∋ ) ( )2f a x f x− =  

� �d��)D4,ن ا	 );a bΩ -�"�� 	 >h��4 8%
�( )C :ن�  إذا و ��> إذا %

 >D	xC�D :����	 , ( )2a x D− و  ∋

( ) ( )2 2f a x b f x− = −.  

  �=��ظ&:
� #$��ھ� (��  fإذا %�"�� >h�دا	� زو��� ��ن �",ر ا5را3�4 �",ر �4

(������ � ��  
�$# إذا �%f .��ھ�"�� >h��4 8%
� دا	� �
د�� ��ن أB< ا	�� � 


 ا	�ا	� ا	��د��  :�1	�ل���$f  ����"	ا 
���� 	x ��
  ا	��

   : �	��	�%( ) 2f x x x= −      

 ��fد  ��8 4�
�7 ا	�ا	�  .1

C�A1 أن ا	�(����  .2

2
x = -�"�� 	 >h��",ر �4( )fC  �	ا� 	\< ��	اf  

  ا���اب:
1( ( ) 2f x x x= − { }2/ 0fD x x x= ∈ − ≥ℝ  

   ( ) 21 0 1 0 0x أو x x x x x= = ⇔ − = ⇔ − =  

�رة :LGول ا�� =��    و

  
 :=��]  و ]0,1fD =    

 2 (x a=   ����1

2
x =  

]$��C أ$= : اذا %�$#   ) أ ]0,1x �ن :  ∋�[ ]1 0,1x−   ؟؟؟∋

[ ]1 1 1 1 0 1 0 0 1 0,1x x x x⇔ − ≤ − ≤ + ⇔ − ≤ − ≤ ⇔ ≤ ≤ ⇔ ∈

[ ]1 0,1 0 1 1x x− ∈ ⇔ ≤ − ≤ ⇔ 

)ب)$��C أن :  ) ( )1f x f x−   ؟؟؟؟=

( ) ( ) ( ) ( )2 21 1 1 1 1 2f x x x x x x− = − − − = − − − +

( )2 21 1 2x x x x x f x= − − + − = − = 

 =��1و

2
x �- ا	�ا	� �",ر ="�� >h��4f. 


 ا	�ا	� ا	��د��  2:�	�ل���$f  ����"	ا 
���� 	x   

   : �	��	�% ��
)ا	�� )
2

1

x x
f x

x

−=
+

  

)C�A أن  .1 ) 2
2

1
f x x

x
= − +

+
fD∀∈  

2. �d��)C�A أن ا	 )1; 3Ω − �- ا	�ا	� −"�� >h��4 8%
�f.  

) )1 ا���اب :  )( ) ( )
22 1 22

2
1 1 1

x x x x
x f x

x x x

− + + −− + = = =
+ + +

  

2 (( )1; 3Ω − −  ( );a bΩ  

}$��C أ$= : اذا %�$#   ) أ }1x ∈ − −ℝ  : ن��{ }2 1x− − ∈ − −ℝ؟؟؟  

{ }2 2 1 1 1 1x x x x⇔ − − ≠ − + ⇔ − ≠ ⇔ ≠ − ⇔ ∈ − −ℝ

{ }2 1 2 1x x− − ∈ − − ⇔ − − ≠ − ⇔ℝ 

)ب)$��C أن :  ) ( )2 6 2f x f x b− − + = −   ؟؟؟؟=

( ) ( ) 1 1
4 4 1 1

4 2 2
f x f x x x

x x
− − + = − − − + + − +

− − + +
 

1 1 1 1
4 2 6 6

2 2 2 2x x x x
= − − + + = − + − + = −

− − + + +
 

 =��)و )2; 3Ω − �- ا	�ا	� −"�� >h��4 8%
�f.  

V. وال�  :درا�& /-I ا�
�ود'&:)1J &درا�& دا�  


 ا	�ا	�  :�	�ل���$f    : �	��	�% ��
)ا	�� ) 31
4

3
f x x x= −  

��د  .1
fD  �	ا�	7 ا�
�4 8��f 

 fأدرس زو��� ا	�ا	�  .2

�ت ا	�ا	�  .3��F$ 3)أ�f  ات�"� ���
fD 

�- ا	�ا	�  .4"��	 ���F$:	وع ا
  fأدرس ا	�

� fأ�(3 ����Y ا	�ا	�  .5F4ر�Lو أدرس إ  

  ��fد ��ول ��4
ات ا	�ا	�  .6

7.  ��"��د	� 	���س ا	���)��د  )fC  �	ا� 	\< ��	اf  �� 

 �d���  Aا	F	,gأ� ��	ا
0 1x = −  

8.  ��"�)��د $�> �4�ط� ا	� )fC .� ��	ري ا,"� ��  ا	��\< 	 �ا	� 

� ر� .9d�  ا و��تذا fا	�ا	�  ��7د 

10.  ��"�)أر�X ا	� )fC  �	ا� 	\< ��	اf  ����� ������ � �� �� 

) أ�0/& : ) 31
4

3
f x x x= −1( 

fD =ℝود���� �	دا �F$5
     

2 #$�)أ) اذا %
x∈ℝ   ن��x− ∈ℝ  

) ب) ) ( ) ( ) ( ) ( )3 3 31 1 1
4 4 4

3 3 3
f x x x x x x x f x − = − − − =− − − =− − =− 

 
  

 =��  دا	� �
د��fو

3(
 ( ) 3lim lim

x x
f x x

→+∞ →+∞
= = )و  ∞+ ) 3lim lim

x x
f x x

→−∞ →−∞
= = −∞  

��� ��ھ� ا�%5
 در��F$ ھ����F$G�� ����� دا	� ��ود�� �F$ 5ن  

4(
 ( )

3

2

1
13lim lim lim
3x x x

xf x
x

x x→+∞ →+∞ →+∞
= = = +∞  

( )fC  ر,"���9� ا94�ھ=  L ��
  ∞+9A,ار  ا5را���3�4< �

( )
3

2

1
13lim lim lim
3x x x

xf x
x

x x→ −∞ → −∞ → −∞
= = = +∞  

( )fC  ر,"���9� ا94�ھ=  L ��
  ∞−9A,ار  ا5را���3�4< �
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5(
 ( ) 3 2 21 1

4 3 4 4
3 3

f x x x x x
′ ′ = − = × − = − 

 
  

( ) ( ) ( )2 2 22 2 0 2 0 4 0 0x x x x f x′− + = ⇔ − = ⇔ − = ⇔ =  

2 2x أو x= − = ⇔
  

  
6(

  

  
�د	� 	���س )7��) ل )fC  �d���  ��A ا	F	,gأ� ��	ا

0 1x = −  

( ) ( )( )0 0 0y f x f x x x′= + )و   − ) 11
1

3
f − )  و  = )1 3f ′ − = −  

( ) ( ) ( )( )2 11
3 3 1 1 1 1

3 3
y x y x y f f x′= − + ⇔ = − + ⇔ = − + − +  

�- ا	��\< 	 �ا	� $�> �4�ط�أ) )8"��",ر ا�5��B< ا	� ��  

) :$"< ��> ا	���د	�  ) 0f x =  ����31
4 0

3
x x− =

  
 ����21

4 0
3

x x
 − = 
 

  ����0x 21أو =
4 0

3
x − =   

 ����0x 2أو = 12x =  ����0x 12أو = 12x أو x= − =  
 ����0x 2أو = 3 2 3x أو x= − =  

�= $�> ا	���ط� ھ� :�) و )2 3;0A و( )2 3;0B )و − )0;0O    

�- ا	��\< 	 �ا	� $�> �4�ط�ب)"��",ر  ا	� ��  ا5را3�4

 <�� 3)"$: ( )0f  ����	( )0 0f �= $��d ا	���ط� ھ�:  =�)و )0;0O  
9( ( ) 16

2
3

f =   ھ� ���b د$�� 	 �ا	�  −

( ) 16
2

3
f −   ھ� gb ���b,ى 	 �ا	�  =

  )ا	��\�< ا	����$� 	 �ا	� 10
  

  
  درا�& دا�& 0#ر'&:)2

� � �: f	�CD  �	�ل:�A ��
��) دا	� ��د��  )
2 1

2

x x
f x

x

+ −=
+

 


�7 ا	�ا	� ��fDد  .1��9,�� 4�f  

  cE�"Aوbو��aد ا��5اد ا	"����� .2

 :����	( )
2

c
f x ax b

x
= + +

+
     

fx D∀ ∈  

�"�ات  .3 ���ت  ���F�  fDأ�(3 ا	

�- ا	�ا	�  .4"��	 ��H�F$:	وع ا
 fأدرس ا	�

�ت  ا	��H � ل Aر��ت و ا	��Aر��د	� ا	���� ���"4)fC(.  

5. �d��)C�A أن ا	 )2; 3Ω − �- ا	�ا	� −"�� >h��4 8%
�f.  

�. ��د ا	�ا	� ا	����Y و ادرس .6F4ر�Lإ  
 .f - �fDأ�> ��ول ��4
ات .7

�ت ��د  .8�hا��ا ��"��4�ط� ا	� <�$( )fC .� ��	ري ا,"� ��  ا	��\< 	 �ا	� 

�د	� ا	���س �� ا	���d ذات اg�5,ل  .9��  .0أ�> 
10. -�"� .fCأ$rY ا	�

  أ�0/& : 
1({ }/ 2 0fD x x= ∈ + ≠ℝ   

=��و

{ } ] [ ] [2 ; 2 2;fD = − − = −∞ − ∪ − +∞ℝ  

�	�(�� اbG ���� ل 2A 2)$�,م 1x x+ −  - �2x + : �9�� 
( )( )2 1 2 1 1x x x x+ − = + − +  

)اذن :  ) ( ) ( ) ( ) ( )2 1 1 2 1 1 1
1

2 2 2 2

x x x x
f x x

x x x x

+ − + + −
= = + = − +

+ + + +
  

 : =��1aو 1bو  = = 1cو  − = 
3(

 ( )
2

2 2

1 1
lim lim

2 0x x

x x
f x

x+ + +→− →−

+ −= = = +∞
+

)و   )
2

2 2

1 1
lim lim

2 0x x

x x
f x

x− + −→− →−

+ −= = = −∞
+ 

( )
2

lim lim lim
x x x

x
f x x

x→+∞ →+∞ →+∞
= = = )و  ∞+ )

2

lim lim lim
x x x

x
f x x

x→−∞ →−∞ →−∞
= = = −∞  

4( 2x = −  -�"��رب 	 ���( )fC  

( ) 1
1

2
f x x

x
= − +

+
  ����( ) ( ) 1

1
2

f x x
x

− − =
+

  

 ����( ) ( ) 1 1
lim   1 lim 0

2x x
f x x

x→+∞ →+∞
− − = = =

+ +∞
  =��  ا	�(���� و

1yذا ا	���د	�  x= −  -�"�� 	 >H���رب  ��( )fC  9,ارA+∞ 

 : ��)و	�� ) ( ) 1 1
lim   1 lim 0

2x x
f x x

x→−∞ →−∞
− − = = =

+ −∞
  =��  ا	�(���� و

1yذا ا	���د	�  x= −  -�"�� 	 >H���رب  ��( )fC 9,ارA−∞  

5 (( )2; 3Ω − −  ( );a bΩ  

 #$�}أ)$��C أ$= : اذا % }2x ∈ − −ℝ  : ن��{ }4 2x− − ∈ − −ℝ؟؟؟  

{ }4 4 2 2 2 2x x x x⇔ − − ≠ − + ⇔ − ≠ ⇔ ≠ − ⇔ ∈ − −ℝ

{ }4 2 4 2x x− − ∈ − − ⇔ − − ≠ − ⇔ℝ 

)ب)$��C أن :  ) ( )4 6 2f x f x b− − + = −   ؟؟؟؟=

( ) ( ) 1 1
4 4 1 1

4 2 2
f x f x x x

x x
− − + = − − − + + − +

− − + +
 

1 1 1 1
4 2 6 6

2 2 2 2x x x x
= − − + + = − + − + = −

− − + + +
 

 =��)و )2; 3Ω − �- ا	�ا	� −"�� >h��4 8%
�f. 

6( ( )
( )

( )
( )

2

2 2

2 11 1
1 1

2 2 2

x
f x x

x x x

′ + − ′ = − + = − = +  + −
  ����  

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

2 2

2 2 2

2 1 2 1 2 1 1 3

2 2 2

x x x x x
f x

x x x

+ − + − + + + +
′ = = =

+ + +

  

�رة Lا( )f x′  : رة�Lھ� ا( ) ( )1 3x x+ +  

( )( )1 3 0x x+ + =  ����1 0x + 3أو = 0x + =  ����1x = 3xأو − = − 

�رة : Lsول ا�� 

  
  ��ول ��4
ات ا	�ا	� : )7

  
�- ا	��\< 	 �ا	� $�> �4�ط�أ) )8"��",ر ا�5��B< ا	� ��  

( )fCf

( )fCf

f

f

f

( )fCf
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) :$"< ��> ا	���د	�  ) 0f x =  ����
2 1

0
2

x x

x

+ − =
+  

 ����2 1 0x x+ − =   
�ل ا	���8���X�A �	د�  $"< ا	��

1a 1b  و = 1c  و= = − 
( )2 24 1 4 1 1 5 0b ac∆= − = − × × − = >  

� أن�A  :��ن ھTه ا	���د	� C� � >��4 ھ��  

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆=  

1

1 5

2
x

− و   =+
1

1 5

2
x

− −=  

 :��= $�> ا	���ط� ھ��1و 5
;0

2
A
 − +
  
 

1أو  5
;0

2
B
 − −
  
 

  

�- ا	��\< 	 �ا	� $�> �4�ط�ب)"��",ر  ا	� ��  ا5را3�4

 <�� 3)"$: ( )0f  ����	( ) 1
0

2
f �= $��d ا	���ط� ھ�:  −=�1و

0;
2

C − 
   

�د	� ا	���س �� ا	���d ذات اg�5,ل ) 9��2.  
2( ( ) ( ) ( )0 0 0y f x f x x x′= + − 

( ) ( )( )
( )2

0 1 0 3 3
0

40 2
f

+ +
′ = =

+

)  و   ) 1
0

2
f = −  

( ) ( )( )1 3
0 0 0

2 4
y x y f f x′= − + ⇔ = + −  

  )ا	��\�< ا	����$� 	 �ا	� :10
  

  
  درا�& دا�& 0N#ر'&:)3


 ا	�ا	� ا	��د��  �	�ل:���$f  ����"	ا 
���� 	x    : �	��	�% ��
ا	��

( ) 1 1f x x= − + −  

 CD�	( )fC  �	ا� 	\< ��	اf  ����� ������ � �� ��( ), ,o i j
��

  


�7 ا	�ا	�  ��fDد )أ)1�8 4��f  (د ب)ب��( )lim
x

f x
→−∞

 

�ق ا	�ا	� ج)��Lا  �� A�b أدرسf  ���0 - ا	�(�ر � 1x وأ�> 4;و�:  =

.�F� � >g"�	�9 ا��� 	 ��X�� ھ
 fو ��د ��ول ��4
ات ا	�ا	�  fأدرس ��4
ات ا	�ا	� )2
�- ا	�ا	� )3"��	 ��H�F$:	وع ا
 fأدرس ا	�

��41f< دا	� �D(��   fا	�ا	�C�A أن أ) )4 9�ل −�  - � ��
��J  
  �39 4"���ه

)��د ب) )1f x−  >D	x  C�J 

 �	�    ج)ا�u ا	�9ول ا	�
  

)أ$rY و )fCو( )1f
C −

 -�"��1fا	�ا	�    $�P ا	�� ��� −

})أ)1 أ�0/& : }/1 0fD x x= ∈ − ≥ℝ  

1 1 0x x≤ ⇔ − ≥  
 :=��[و ];1fD = −∞     

limب) 1
x

x
→−∞

− = +∞  :=��)و )lim
x

f x
→−∞

= +∞ 

�Xج)درا  �	ا�	ق ا���Lا  �� A�bf  ���0 - ا	�(�ر � 1x =:  

( ) ( ) ( )
( ) ( )

2

1 1 1 1

11 1 1
lim lim lim lim

1 1 1 1 1 1x x x x

xf x f x x

x x x x x x− − − −→ → → →

−− − −= = =
− − − − − −

  

( )1 1

1 1
lim lim

1 1 1x x

x

x x x− −→ →

− −= = −∞
− − −

  

 =���ق fو��L:	 � A�b 
�v - � ��0ا	�(�ر � 1x =:  

�- ا	�ا	�"��� $�,ل ان �$�����س �,ازي �",ر ا5راf 3�4و�� 7g$ >���

 : �d���ر ا	)� - �( )( )1; 1A f  أي( )1; 1A   و�,�= $", ا�5 -−

2( ( ) ( ) ( )1 1
1 1 0 0

2 1 2 1

x
f x x

x x

′− −′′ = − + − = + = <
− −

] ];1x∀ ∈ −∞  

  :��fول ��4
ات ا	�ا	� 

  

3( ( ) ( )2

11 1 1 1 1
lim lim lim lim

1x x x x

xf x x x

x x x x x x x→−∞ →−∞ →−∞ →−∞

−− + − − − −= = + = +
−

  

1 1 1 1 1 1 1
lim lim lim 0 1 0 0

1 1 1x x x

x x x

x x x x xx x x x→−∞ →−∞ →−∞

− − − − − −= + = + × = + × = − × =
− − −

�$��-: ا	�;و�< ا	���"��( )C ر,"���9� ا94�ھ=  L ��
� >���  

 ∞−ا�5�9A >�B,ار 
[� - ا	�9�ل  دا	� ��f � g) أ)4 ];1I = � fو  ∞−�db ��gb��4  

 =����41f< دا	� �f  ��)Dو −  ��
��  
9�ل�  - �: ( ) ] ]( ) [ [;1 1;J f I f= = −∞ = − +∞  

) )ب )f y x

y I

=


∈

⇔ ( )
( )

1y f x

x f I

− =


∈

    

   ( )
] ];1

f y x

y

 =


∈ −∞

 ����1 1 y x− + − =   

 ����22 1y x− =1 1y x− = +  

 ����( ) ( )
2 2

1 1y x− = +  ����( )2
1 1y x− = +  ����( )2

1 1y x= − +  

  ����2 2y x x= − −  
 :  =��)و )1 2 2f x x x− = − −[ [1;x∀ ∈ − +∞  

  
ج) )4

  
 
  
 

0∆ ≻

( )fCf

1  0  -3 -8  x  

        ( )f x  
1  0  -3 -8  x  

-1 0  1  2  ( )f x  
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�- ا	�ا	� "��1f �- ا	�ا	�  −"�� >h����(�� 	 �(���� : fھ, 	�Ay x= ����� ������ � �� ��  
  

 
  

<'��$ P��=� : د����	ا �	ا�	ا 
���$f  ����"	ا 
���� 	x    : �	��	�% ��
  ا	��

( ) 22f x x x= −  CD�	( )fC  �	ا� 	\< ��	اf   

 ����� ������ � �� ��( ), ,o i j
��

  E�"A8i cm=
�

 


�7 ا	�ا	�  ��fDد  )1�8 4��f  

�ق ا	�ا	�  )2��Lا  �� A�b أدرسf  ���  C���	�0 - ا 0x =  ��0و� - ا	�(�ر  � 2x =�F� � >g"�	ا WH��� 	 ��X��  وأ�> 4;و�: ھ

C�A1 أن ا	�(���� ذا ا	���د	�   )3

4
x =  -�"�� 	 >h��",ر �4( )fC   

4(  rY$أ( )fC ر,gb أن C�A�	ا�	اf  - � ل�1ا	�9
0;

4
I

 =   
 

9�ل �  - � ��
�� ��)D� �	��4< داJ و��د  �39 4"���ه( )1f x− 

  >D	x  C�J 
 
 

� � �: f	�CD  �	�ل:�A ��
��) دا	� ��د��  )
( )

3

2
1

x
f x

x
=

−
 


�7 ا	�ا	� ��fDد  .1��9,�� 4�f  

 fأدرس زو��� ا	�ا	�  .2

�"�ات  .3 ���ت  ���F�  fDأ�(3 ا	

�- ا	�ا	�  .4"��	 ��H�F$:	وع ا
 fأدرس ا	�

�ت  ا	��H � ل Aر��ت و ا	��Aر��د	� ا	���� ���"4)fC(.  

5. �d��)C�A أن ا	 )2; 3Ω − �- ا	�ا	� −"�� >h��4 8%
�f.  

�. ��د ا	�ا	� ا	����Y و ادرس .6F4ر�Lإ  
 .f - �fDأ�> ��ول ��4
ات .7

�ت ��د  .8�hا��ا ��"��4�ط� ا	� <�$( )fC .� ��	ري ا,"� ��  ا	��\< 	 �ا	� 

�د	� ا	���س �� ا	���d ذات اg�5,ل  .9��  .0أ�> 
10. -�"� .fCأ$rY ا	�

  أ�0/& : 
1({ }/ 2 0fD x x= ∈ + ≠ℝ   

=��}و } ] [ ] [2 ; 2 2;fD = − − = −∞ − ∪ − +∞ℝ  

�	�(�� اbG ���� ل 2A 2)$�,م 1x x+ −  - �2x + : �9�� ( )( )2 1 2 1 1x x x x+ − = + − +  

)اذن :  ) ( ) ( ) ( ) ( )2 1 1 2 1 1 1
1

2 2 2 2

x x x x
f x x

x x x x

+ − + + −
= = + = − +

+ + + +
  

 : =��1aو 1bو  = = 1cو  − = 
3(

 ( )
2

2 2

1 1
lim lim

2 0x x

x x
f x

x+ + +→− →−

+ −= = = +∞
+

)و   )
2

2 2

1 1
lim lim

2 0x x

x x
f x

x− + −→− →−

+ −= = = −∞
+ 
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( )
2

lim lim lim
x x x

x
f x x

x→+∞ →+∞ →+∞
= = = )و  ∞+ )

2

lim lim lim
x x x

x
f x x

x→−∞ →−∞ →−∞
= = = −∞  

4( 2x = −  -�"��رب 	 ���  

( ) 1
1

2
f x x

x
= − +

+
  ����( ) ( ) 1

1
2

f x x
x

− − =
+

  

 ����( ) ( ) 1 1
lim   1 lim 0

2x x
f x x

x→+∞ →+∞
− − = = =

+ +∞
  =��  ا	�(���� و

1yذا ا	���د	�  x= −  -�"�� 	 >H���رب  �� 9A,ار  

 : ��)و	�� ) ( ) 1 1
lim   1 lim 0

2x x
f x x

x→−∞ →−∞
− − = = =

+ −∞
  =��  ا	�(���� و

1yذا ا	���د	�  x= −  -�"�� 	 >H���رب  ��  9A,ار 

5 (( )2; 3Ω − −  ( );a bΩ  

 #$�}أ)$��C أ$= : اذا % }2x ∈ − −ℝ  : ن��{ }4 2x− − ∈ − −ℝ؟؟؟  

{ }4 4 2 2 2 2x x x x⇔ − − ≠ − + ⇔ − ≠ ⇔ ≠ − ⇔ ∈ − −ℝ{ }4 2 4 2x x− − ∈ − − ⇔ − − ≠ − ⇔ℝ 

)ب)$��C أن :  ) ( )4 6 2f x f x b− − + = −   ؟؟؟؟=

( ) ( ) 1 1
4 4 1 1

4 2 2
f x f x x x

x x
− − + = − − − + + − +

− − + +
 

1 1 1 1
4 2 6 6

2 2 2 2x x x x
= − − + + = − + − + = −

− − + + +
 

 =��)و )2; 3Ω − �- ا	�ا	� −"�� >h��4 8%
�f. 

6( ( )
( )

( )
( )

2

2 2

2 11 1
1 1

2 2 2

x
f x x

x x x

′ + − ′ = − + = − = +  + −
  ����  

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

2 2

2 2 2

2 1 2 1 2 1 1 3

2 2 2

x x x x x
f x

x x x

+ − + − + + + +
′ = = =

+ + +

  

�رة Lا( )f x′  : رة�Lھ� ا( ) ( )1 3x x+ +  

( )( )1 3 0x x+ + =  ����1 0x + 3أو = 0x + =  ����1x = 3xأو − = − 

�رة : Lsول ا�� 

  
  ��ول ��4
ات ا	�ا	� : )7

  
�- ا	��\< 	 �ا	� $�> �4�ط�أ) )8"��",ر ا�5��B< ا	� ��  

) :$"< ��> ا	���د	�  ) 0f x =  ����
2 1

0
2

x x

x

+ − =
+  

 ����2 1 0x x+ − =   
�ل ا	���8���X�A �	د�  $"< ا	��

1a 1b  و = 1c  و= = − 
( )2 24 1 4 1 1 5 0b ac∆= − = − × × − = >  

� أن�A  :��ن ھTه ا	���د	� C� � >��4 ھ��  

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆=  

1

1 5

2
x

− و   =+
1

1 5

2
x

− −=  

 :��= $�> ا	���ط� ھ��1و 5
;0

2
A
 − +
  
 

1أو  5
;0

2
B
 − −
  
 

  

�- ا	��\< 	 �ا	� $�> �4�ط�ب)"��",ر  ا	� ��  ا5را3�4

 <�� 3)"$: ( )0f  ����	( ) 1
0

2
f �= $��d ا	���ط� ھ�:  −=�1و

0;
2

C − 
   

( )fC

( )fC+∞

( )fC−∞

( )fCf

0∆ ≻

( )fCf
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�د	� ا	���س �� ا	���d ذات اg�5,ل ) 9��2.  
2( ( ) ( ) ( )0 0 0y f x f x x x′= + − 

( ) ( )( )
( )2

0 1 0 3 3
0

40 2
f

+ +
′ = =

+

)  و   ) 1
0

2
f = −  

( ) ( )( )1 3
0 0 0

2 4
y x y f f x′= − + ⇔ = + −  

  )ا	��\�< ا	����$� 	 �ا	� :10
  

  
 




