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�� ا
��د&� :5+��&4����
))���4 ا )nu  �����
  ا

 : �
��
�D1

0

2
1

3
10

n nu u

u

+
 = +

 =

n ∗∀ ∈ℕ  


�� ا
��د&� ����
)و)���4ا )nv : �
��
�D �����
3nا nv u= − n∀ ∈ℕ  

    0vو    1uأ+�8  .1

3   ��� أن :  .2nu ≥     n∀ ∈ℕ 

3.   ��
����
)أدرس ر(��� ا )nu     

1nأ+�8    .4

n

v

v
+  ��
����
)و ا
���? ط���4 ا )nv 

5.  8�Dأnv   �
0��nو  ?���
0
�  nuا��n  

limأ+�8  .6 n
n

v
→+∞

limو n
n

u
→+∞

 

    0بn)�3ض  )1ا�
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:�,�� 0 1 0
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3 3 3 3 3 3
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9
u =  
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23 23 9 14
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  ))����� ��ھ�)� ��

0nأ))�	$% أن ا
��4رة \	�	� ��
���4 ل  =  

 ��&�
0 10 3u = 0nا
��4رة \	�	� ��
���4 ل  اذن : ≤ =  

3nuب)).��ض أن:  ≥  
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))	�8 ا
.�ق :  )1

2 2 2
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  : ��&�
 [���
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1 3 0nu + − ≥  :�
��
3nuو�� ≥n∀ ∈ℕ  
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))درا
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3)��U أن: nu ≥n∀ ∈ℕ  الA�
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 ��
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 ��
�
3ھ��
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  ����Dnv  �
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 ��
����
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 ��
�
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3
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2

7
3

n

nv
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3
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nu  = + 
 
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→+∞ →+∞
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 
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2
lim lim 7 3 3
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→+∞ →+∞
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�
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V. ب
  :�&�د
ق ا��$�ربو  ا��"�
�ت وا��ر�

�	1�21: ���
( )nu  و( )nv  ���$�ر���  �� -�د&�����
���� 
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n
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→+∞
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n
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n n n
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    : �
��
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3

sin
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u
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= +n ∗∀ ∈ℕ  

� أن : ��lim 3n
n
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→+∞

=  

 :ا�
�اب 
3

sin
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u
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= +: ���) 

3

sin
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u

n
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3

sin
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3

1
3nu

n
− و )��U أن :  ≥

3

1
lim 0
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n
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�U أن : )1:ا�
�اب �(( )1 1 1
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n
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lim 0
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lim3 2 1 lim 3 2
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n→∞ →∞

 −
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 
 

) ��� أن :  )1
lim 0

n

n n→+∞

−
=  

) اذن : )1
lim3 2 3

n

n n→∞

−
+ = : X��)و )lim 3 2 1

n

n
n

→∞
+ − = +∞  

�	1�24:  ���
( )nu  و( )nv  و  �� -�د&�����
����α   �$�$+ د�-

 *�	�0α ≻  
�  : C(�D إذاn nv uα≥  n p∀ limو   ≤ n

n
u

→+∞
lim ��ن: ∞+= n

n
v

→+∞
= +∞  

�  : C(�D إذاn nv uα≤  n p∀ limو  ≤ n
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u
→+∞

lim ��ن : ∞−= n
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→+∞
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):  )���4 ا )nv : �
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    ( ) 24
2 1 2

3
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nv n= − + +    n∀ ∈ℕ  

��24� أن :  .1

3nv n≥  n∀ ∈ℕ  

2.   : ?���
limا n
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v
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�اب �(( )1 1
n− ≥ −n∀ ∈ℕ   
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n− ≥ )اذن :  − ) 2 24 4

2 1 2 2 2
3 3

n
n n− + + ≥− + +  

24اذن : 
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24 )��U أن : )2
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3
n = +∞  
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���$� ��ن : n
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→+∞

= +∞  
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��د&� : 10+��&4����
))���4 ا )nv  : �
��
�D �����
ا

3 5sinnv n n= + n∀ ∈ℕ  

3 ��� أن : .1 5nv n≥ −  n∀ ∈ℕ  

2.   : ?���
limا n
n
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→+∞

 

�U أن : )1:ا�
�اب �(sin 1n ≥ −n∀ ∈ℕ   
5sinاذن :  5n ≥ 3اذن :  − 5nv n≥ −  

3 )��U أن : )2 5nv n≥ −  n∀ ∈ℕ  وlim3 5n − + ∞  

lim اذن +�8 ا
/�\�� ا
���$� ��ن : n
n
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→+∞
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�� ا
��د&� :   ���2ل����
))���4 ا )nv �
��
�D �����
   : ا
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4 ��� أن : .1 3nv n≤ − +  n∀ ∈ℕ  

2.   : ?���
limا n
n
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→+∞

 

�U أن : )1:ا�
�اب �(cos 1n ≤n∀ ∈ℕ   
3cosاذن :  3n 4اذن :  ≥ 3nv n≤ − +  

4 )��U أن : )2 3nv n≤ − +  n∀ ∈ℕ  وlim 4 3n− + = −∞  
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→+∞
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�� (��J'��  و �'35رة  ھ� ��$�ر�� .2���� �D  

: ��>?�  
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�� (<ا&�& .1���� �D�  ر���$��
�4  ھ� �
  و 

�� (��J'��  و ��4�3  ھ� ��$�ر�� .2���� �D 
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   )1ا�(� � :

�44� أن:     ) &�.� ان)1nu ≤  n∀ ∈ℕ؟؟؟؟  

[���
  )����� ��ھ�)� ��
0n)�	$% أن ا
��4رة \	�	� ��
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0 3 4u = 0nا
��4رة \	�	� ��
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4
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� أن ا��( )nu د��
2��34رة �� 
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9 8 1 0∆= − = >  : � ھ��ك �Oر&
1

3 1
1

2
x

− += =
−

و  
2

3 1
2

2
x

− −= =
−
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�� +����� و +�د أ����  

3.  8�Dأnv   �
0��n   ?���
0
�  nuو ا��n 

0 )1 أ(� � :
1

0

1 1

1 2 1 2 3

u
u

u
= = =

+ +
و

0
0

1 1
1

1
v

u
= = =  

2( 1
1

1 2 1 2 11 1 1
2n n

n n
n n n n n

u u
v v r

u u u u u+
+

+ + −− = − = − = = =   

 X��)و )nv: ��
�

�� +����� أ���� 2r و+�ھ� اIول :   =
0 1v =  

)��� أن :) 3 )nv : ��
�

�� +����� أ���� 2r و+�ھ� اIول :   =
0 1v =  

��0nvن :  v nr= 1أي :   + 2nv n= +   

1و)��U أن:
n

n

v
u

= ���&1
n

n

u
v

1و)��U أن :  = 2nv n= 1اذن :  +

1 2nu
n

=
+

  


�� ا
��د&� :18+��&4����
))���4 ا )nu  �����
 ا

 : �
��
�D1

0

1
1

4

1

2

n
n

u
u

u

+
 = − −

 =


n∀ ∈ℕ  

 ��
����
)ا
��د&�و)���4ا )nv : �
��
�D �����
2ا

2 1n
n

v
u

=
+

   n∀ ∈ℕ  

      3uو  2uو    1uأ+�8  .1
� أن :  .2��( )nv�����+ ��
����  

3.  8�Dأnv   �
0��n   ?���
0
�  UVnu ا��n 

 )1أ(� � :
1

3

2
u = و −

2

5

6
u = و    −

13

7

10
u = −  

2(
1 2n nv v+ − = )�3ض  −

1nu 1ب +

3
n

n

u

u

−
+

  

 X��)و )nv: ��
�

�� +����� أ���� 2r = و+�ھ� اIول :   −
0 1v =  

)��� أن :) 2 )nv : ��
�

�� +����� أ���� 1

4
r و+�ھ� اIول :   =

0 1v =  

��0nvن :  v nr= 2أي :   + 1nv n= − +  

( )nv

( )nv

( )nv

( )nv

nun

( )nv

( )nv

( )nv

( )nv
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�ذ: �
 

 

2))��U أن : 5

2 1n
n

v
u

=
+

 ���&1 1

2n
n

u
v

= − ���&1 1

2 1 2nu
n

= −
− +

  


�� ا
��د&� :19+��&4����
))���4 ا )nu   

 : �
��
�D �����
1ا

0

5 3

3

1

n
n

n

u
u

u

u

+
+ = +

 =

n∀ ∈ℕ  


�� ا
��د&� ����
)و)���4 ا )nv  : �
��
�D �����
3ا

1
n

n
n

u
v

u

−=
+

 n∀ ∈ℕ  

��0� أن :    .1 3nu≤ ≤n∀ ∈ℕ 

2.  ��
����
)أدرس ر(��� ا )nu  

)أ��� أن   .3 )nvولIو+�ھ� ا ��
�

�� ھ��
�� و+�د أ����  

4.  8�Dأnv   �
0��n   ?���
0
�  UVnu ا��n 

  ))����� ��ھ�)� ��
���]1أ(� � :

0)�4� أو0 أن :  nu≤n∀ ∈ℕ  

0nأ))�	$% أن ا
��4رة \	�	� ��
���4 ل  =  

 ��&�

0 1 0u = 0nا
��4رة \	�	� ��
���4 ل  اذن : ≤ =  

0nuب)).��ض أن:  ≥    

1ج))�4� أن:  0nu +   ؟؟؟؟؟≤

: ��&�
 [���
0nu +�8 ا���اض ا 1اذن : ≤ 0nu + ≥  

 :�
��
0nuو�� ≥n∀ ∈ℕ  

3)�4� أن : nu ≤n∀ ∈ℕ  

0nأ))�	$% أن ا
��4رة \	�	� ��
���4 ل  =  

 ��&�

0 1 3u = 0nا
��4رة \	�	� ��
���4 ل  اذن : ≥ =  

3nuب)).��ض أن:  ≤    

1ج))�4� أن:  3nu +   ؟؟؟؟؟≥

  )	�8 ا
.�ق
  ( ) ( ) ( )

1

3 3 5 3 2 35 3 2 6
3 3

3 3 3 3
n n nn n

n
n n n n

u u uu u
u

u u u u+

+ − + − −+ − +− = − = = =
+ + + +

  

 : ��&�
 [���
3nu و +�8 ا���اض ا ≤   

3اذن :  0nu − 3و    ≥ 0nu + I0nuن  < ≥  X��و 
13 0nu +− ≥  

 :�
��
3nuو�� ≤n∀ ∈ℕ  
2 ��
����
)) درا
� ر(��� ا )nu    : 8�	(

1n nu u+   و)�رس ا_�Kرة : −

( ) 2

1

5 3 35 3 2 3

3 3 3
n n nn n n

n n n
n n n

u u uu u u
u u u

u u u+

+ − ++ − + +− = − = =
+ + +

  

 ���(2 2 3n nu u− + +    >���
  ∆)	�8 ا

4 12 16 0∆= + = >  : � ھ��ك �Oر&
1

2 4
1

2
x

− += =−
−

و  
2

2 4
3

2
x

− −= =
−

  

: �����
) و��X ا )( )2 2 3 3 1n n n nu u u u− + + =− − +  

 :   X��)و )( )
1

3 1

3
n n

n n
n

u u
u u

u+

− − +
− =

+
  

 : ��&�
0nu 3اذن :   ≤ 0nu + 1و    ≤ 0nu + ≥  

�� : و&�� 3nu 3اذن :   ≥ 0nu − ≤    

 :X��)و )( )
1

3 1
0

3
n n

n n
n

u u
u u

u+

− − +
− = ≥

+
  �
��
)و�� )nu  �&�&ا>)  

3( 
( )

( )
1

1
1

5 3 3 35 3 2 6
3

3 3 3 3 2 6
5 3 6 65 3 31 6 61

3 33

n nn n

n n n n n
n

n nn nn n

n nn

u uu u

u u u u u
v

u uu uu u
u uu

+
+

+

+ − ++ −−
− + + + −= = = = =+ ++ + ++ ++

+ ++

  

( )
( )1

2 3 31 1

6 1 3 1 3
n n

n n
n n

u u
v v

u u+

− −= = =
+ +

  

 ��
����
اذن: ا
 

 ��
�
1ھ��
��  أ

3
q=   

0و+�ھ� اIول 
0

0

3 1 3
1

1 1 1

u
v

u

− −= = = −
+ +

  

4 ��
����
) ��� أن ا
 

 ��
�
1ھ��
��  أ

3
q= ولIو+�ھ� ا

0 1v = − 

) ��ن: ) 1 1
1

3 3

n n

nv
   = − × = −   
   

        


�ج�
0
�    ا���:  

:��&�
 ( ) 3
3 1 3

1
n

n n n n n n n n
n

u
v u v u v u u v

u

−+ − = − ⇔ + = − ⇔ =
+

  

( )1 3n n nu v v− = − − ⇔3 3

1 1
n n

n n
n n

v v
u u

v v

+ − −= ⇔ = ⇔
− −

  

1و)��U أن : 

3

n

nv
 = − 
 

1اذن
3

3

1
1

3

n

n n
u

 −  
 =
 +  
 

 

A�"-� 4&ر��+  

�� ا
��د&� :1+��&4����
))���4 ا )nu  : �
��
�D �����
ا

( )
1

3 sinnu
n n

=
−

  n ∗∀ ∈ℕ  

� أن : ��lim 0n
n

u
→+∞

=   


�� ا
��د&� :2+��&4����
))���4 ا )nu   

  : �
��
�D �����
1ا

0

2

1
n nu u

u
+

 = +


=

n∀ ∈ℕ  

��0� أن  .1 1nu≤ ≤    n∀ ∈ℕ 

2. ��
����
)أدرس ر(��� ا )nu  3ذا (����?؟�� ( 


�� ا
��د&� :3+��&4����
))���4 ا )nu �����
  ا

  : �
��
�D1

1
nu

n
=

+
  n∀ ∈ℕ       

� أن    .1��  ��
����
)ا )nu 35رة'� (��J'�� و

��ذا )����?؟ .2 

�� ا
��د&� :4+��&4����
))���4 ا )nu  : �
��
�D �����
  ا

  1 6n nu u+ = +   n∀ ∈ℕ       0و 2u =    

��0� أن  .1 3nu≤ ≤    n∀ ∈ℕ 

2. ��
����
)أدرس ر(��� ا )nu  أن ?���
)وا )nu ر���$�� 

3.  �
)ا
����� ب :  f)���4 ا
�ا ) 6f x x= + 

�9 ا
�,�ل -[ ]0,3I = 

a(  أن ���( )f I I⊂   و أنf   ل�,� ��- ��'�� �
   Iدا

b( 8�+أlim n
n

u
→+∞

  

( )nv

( )nv

nun
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�� ا
��د&� :5+��&4����
))���4 ا )nu    : �
��
�D �����
ا

1n nu u+ =         n∀ ∈ℕ    0و 4u =    


���] أن  .1�� ���1nu ≥    n∀ ∈ℕ 

2. ��
����
)أدرس ر(��� ا )nu  أن ?���
)وا )nu . ر���$�� 

limأ+�8 .3 n
n

u
→+∞

  


�� ا
��د&� :6+��&4����
))���4 ا )nu    : �
��
�D �����
ا

1

1 3

4 2n nu u+ = +   n∀ ∈ℕ       0و

5

4
u =    

��2� أن  .4nu ≤    n∀ ∈ℕ 

5. ��
����
)أدرس ر(��� ا )nu  أن ?���
)وا )nu ر���$�� 

6.  �
 ا
����� ب : f)���4 ا
�ا

 ( ) 1 3

4 2
f x x= �9 ا
�,�ل  +-] ];2I = −∞ 

� أن   ) ت��( )f I I⊂   و أنf   ل�,� ��- ��'�� �
   Iدا

limأ+�8  ) ث n
n

u
→+∞

  

4&��+7: �
��:f)���4 ا
�ا& ��� �����
) ا ) 3

6

4

x
f x

x
=

+
.  

1. �
  .f+�د �,�d&��) �-3 ا
�ا

� أن .2��f  �� ���$)30; 2 
 .&�ه�	ل &,8 (�,� 3	(  

3.  ��
����
))���4 ا )n n
u

∈ℕ
 :��& ��� �����
 ا

( )
0

1

1

n n

u

u f u+

=
 =

.  

� أن:  .أ ��( ) 3;1 2nn u∀ ∈ ≤ ≤ℕ.  

� أن  .ب ��( )nu 8�+ر�� و أ�$�lim(<ا&�&� و ا
���? أ)��  nu.  




