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�����1: ����
4

π ������	ا� �
�����u ��او
�

vو 
�

 

:���5
2

2
u =
�

4vو =
�

uأ���   v⋅
� �

 

5ا���اب: 2
cos 4 5 2

4 2 2
u v u v

π ⋅ = × × = × × = 
 

� � � �
 

�����2: ����ABC  وي��
 �����%� $���وي ا#�"ع ط�ل %$
6cm   و����H�&'(��, ا�	��'�+ Cا�	�'* ا��	�دي �-( )AB.  

ABأ���  AC⋅
���� ����

CHو      HB⋅
���� ����

  
5	� أن ا�	%�� $���وي ا#�"ع �4ن 12 زوا
�ه $�'�
�� و���س ا���اب:

12 زاو
� ھ�
3

π   :�($و  

  

cos cos
3

AB AC AB AC A AB AC
π∧  ⋅ = × × = ×  
 

���� ���� ���� ����

1
6 6 18

2
AB AC⋅ = × × =
���� ���� 

cos cos 0 0
2

CH HB CH HB H CH HB CH HB
π∧  ⋅ = × × = × = × × = 
 

���� ���� ���� ����  

�����3: ����EFG $:��75 �%�%5EF 3EGو = = 
6EFو EG⋅ = −

���� ����
)�أ���       )cos FEG   

)�ا���اب: )cos 6EF EG EF EG FEG= × = −
���� ���� ���� ����
i  

  8(�
�( )cos 6EF EG FEG× = −   8(�
�( )5 3cos 6FEG× = −  

  8(�
�( ) 6 2
cos

15 5
FEG = − = −  

�����4: ����ABC  ��75 �%�%$3AB 4ACو= = 

�و 2

3
BAC

π=          أ���AB AC⋅
���� ����

.  

2ا���اب:
cos cos

3
AB AC AB AC A AB AC

π∧  ⋅ = × × = ×  
 

���� ���� ���� ����  

3 3
4 3cos 12cos 12cos

3 3 3 3
AB AC

π π π π ππ−     ⋅ = × = − = −     
     

���� ����  

3 3
4 3cos 12cos 12cos

3 3 3 3
AB AC

π π π π π−     ⋅ = × = − = −     
     

���� ����  

)#ن :  )cos cosx xπ − =   اذن :   −

�����5:  ����u
�

vو 
�

:��75 ������$5u =
�

3vو =
�

 

3و

2
u v⋅ = −
� �

 أ���  
2

u
�

و 
2

v
�

)و   )2

u v+
� �

)و  )2
u v−
� �

 و 

( ) ( )u v u v− +
� � � �

)و     ) ( )3 2 5u v u v− ⋅ +
� � � �

)و    ) ( )5 5u v u v− ⋅ +
� � � �

  

22ا���اب: 25 25u u= = =
� �

22و    23 9v v= = =
� �  

( ) ( )2 2 22 2 2 232 2 5 2 3 25 3 9 312u v u u v v u u v v+ = + ⋅ + = + ⋅ + = + − + = − + =
� � � � � � � � � �

( ) ( )2 2 22 2 2 232 2 5 2 3 25 3 9 372u v u u v v u u v v− = − ⋅ + = − ⋅ + = − − + = + + =
� � � � � � � � � �

2 22 2 2 25 3 25 9 16u v u v= − = − = − = − =
� � � �( ) ( )u v u v− +

� � � �  

( ) ( )3 2 5 3 3 5 2 2 5u v u v u u u v v u v v− ⋅ + = ⋅ + ⋅ − ⋅ − ⋅
� � � � � � � � � � � �

  

( ) ( ) 2 2
3 2 5 3 15 2 10 3 25 13 10 9u v u v u u v u v v u v− ⋅ + = + ⋅ − ⋅ − = × + ⋅ − ×
� � � � � � � � � � � �

( ) ( ) 3 39 69
3 2 5 75 13 90 15

2 2 2
u v u v

 − ⋅ + = + − − =− − =− 
 

� � � �
  

( ) ( ) ( ) ( ) ( ) ( )2 2 2 2

5 5 5 25 25 25 9 616u v u v u v u v− ⋅ + = − = − = × − =
� � � � � � � �

  

�����6: ����ABC  �%�%$84 �	:��A وH  �&'(�ا�	�'* ا��	�دي �

A,�-( )BC.  

2 )��51 أن : 2 2AB AC BC+ =    2(   AC AB AH BC× = ×            

3(  2CA CH BC= ×   

))1 ا�����: )22 2 22 2BC BC BA AC BA BA AC AC= = + = + ⋅ +
���� ���� ���� ���� ���� ���� ����

  

: �(
;�BA AC⊥
���� ����

2اذن::��A	� ABC 84#ن   2 2BC BA AC= +  

2(   : ��)�5-�=�ر ا�	% )ABC :ˆsin
AC

B
BC

=     

   : ��)و  �5-�=�ر ا�	% )ABH  :ˆsin
AH

B
AB

=  

ACو$)�  AH

BC AB
ACو$)�  :   = AB AH BC× = ×  

3( ����ABC و �%�%$ H د�	'* ا���	ا� �&'(��,Aي �-( )BC  

    : ��)�5-�=�ر ا�	% )ABC    :ˆcos
AB

A
AC

=   

   : ��)و  �5-�=�ر ا�	% )ABH :ˆcos
BH

B
AB

=    

ABو$)�     BH

AC AB
2ACو$)�      = CH BC= ×  

�����7:ABC84  �
��  ��:+ ا��او%$A    وH  دي�	'* ا���	ا�

 �&'(��A,�-( )BC : أ���.AC    وBH  وAH   وHC   

�	� أن :  -2AB cm=     5وBC cm=  

���2 $=@ھ)� B���4�رس ا�	=�A@ة �4ن :ا���اب: 2 2BC AB AC= +  
: 8(�
2 2 2AC BC AB= −
: 8(�2 2 25 2 21AC = − = 


: 8(�21AC cm=  
:�(
;� �
2ABو��� ا��"��ت ا�	�@ BH BC= ×  


: 8(�
2 4

5

AB
BH cm

BC
= =  

:�(
2ACو�; CH CB= ×
: 8(�
2 21

5

AC
CH cm

BC
= =  

�����8: ����ABC:��75 �%�%$ � 2

3
BAC

π=  8وAC = 

5ABو =.  

أ��د���� 
 �
ا��

 ا������

:������ا��!اء ا��������ر��   
 ���

�ك #� ا���
�ى : ا��%ع 


�ك �)'�����#� و ا��%ع 

 ا����ذ:
 ����
������  
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    BC         2(  �cosACBأ���  )1  
  ���BCب)1ا���اب:

 ��  ���ABC $=@ھ)� ا���8A: 84 ا�	%
:�(
;��2 2 2 2 cosBC AB AC AB AC BAC= + − ×  


: 8(��2 2 25 8 2 8 5cosBC BAC= + − × × 

: 8(�2 2

89 80cos
3

BC
π = −  

 

: 8(�2 3

89 80cos
3

BC
π π− = −  

 

 


: 8(�2 3
89 80cos

3 3
BC

π π = − − 
 


: 8(�2 89 80cos
3

BC
ππ = − − 

 

 


: 8(�2 89 80 cos
3

BC
π  = − −   
  

)#ن :    )cos cosx xπ − = −     


: 8(�2 1
89 80

2
BC

 = +  
 

  
: 8(�2 89 40BC = +
: 8(�2 129BC =      


: 8(�129BC =      

  �cosACB)���ب2
 ��  ���ABC $=@ھ)� ا���8A: 84 ا�	%

:�(
;��2 2 2 2 cosAB AC BC AC BC ACB= + − × 


: 8(�( ) �
2

2 25 8 129 2 8 129 cosACB= + − × × 


: 8(��25 64 129 16 129 cosACB= + − 

: 8(��25 193 16 129 cosACB− = − 

: 8(��168 16 129 cosACB− = −
 8(�

:� 168 168 129 21 129 7 129
cos

2064 258 8616 129
ACB

−= = = =
−

 

�����9: ����ABC:��75 �%�%$ 4BC cm=6وAC cm=   
3ABو cm= ���� وI  FG�($[ ]BC  أ���AI. 


)�:�ABC $=@ھ)� ا�	���* -�, ا�	%�� �� ا���اب:;�   
2 2 2 21

2
2

AB AC AI BC+ = +
: 8(�2 2 2 21
3 6 2 4

2
AI+ = +  


: 8(�2 16
9 36 2

2
AI+ = +
: 8(�245 8 2AI− =
: 8(�237 2AI=  


: 8(�2 37

2
AI =
: 8(�37

2
AI =  

�����10: ����ABM:��75 �%�%$ 4AB cm=3وAM cm= 
4BMو cm=  

]$)�IFGو ���� ]AB  وJFG�($[ ]AM  وKFG�($[ ]BM  

 BJوAKو  MIأ���  ا�	���4ت  


)�:ABM� ا�	���* -�, ا�	%�� ��� $=@ھ):���MIبا���اب:;�   
2 2 2 21

2
2

MA MB MI AB+ = +
: 8(�2 2 2 21
3 4 2 4

2
MI+ = +  


: 8(�2 16
9 16 2

2
MI+ = +
: 8(�225 8 2MI− =
: 8(�217 2MI=  


: 8(�2 17

2
MI =
: 8(�17

2
MI = 


)�:���ABM $=@ھ)� ا�	���* -�, ا�	%�� :���AKب;�   
2 2 2 21

2
2

AB AM AK BM+ = +
: 8(�2 2 2 21
2 3 2 4

2
AK+ = +  


: 8(�225 8 2AK− =
: 8(�217 2AK=  


(�: 82 17

2
AK =
: 8(�17

2
AK = 


)�:���ABM $=@ھ)� ا�	���* -�, ا�	%�� :���BJب;�   

2 2 2 21
2

2
AB BM BJ AM+ = +
: 8(�2 2 2 21

4 4 2 3
2

BJ+ = +  


: 8(�29
32 2

2
BJ− =
: 8(�255

2
2

BJ=  


: 8(�2 55

4
BJ =
: 8(�55

4
BJ =
: 8(�55

2
BJ =  

�����11: ����ABC:��75 �%�%$ 1AB 2ACو   = و  =
2CB D  ��75  �&'H2و����  = 0DB DC+ =

���� ���� �
  

��51 أن :  )1

2
AB AC⋅ = −
���� ����

 I�(وا���cosA    

ADا��2 :  )2
����

 ��J;5AB
����

ACو 
����

 
ADأ���  )3 AB⋅

���� ����
 ABDا��)�I ط=��� ا�	%��   و 

  ADأ���  )4
5(  ����I ��&'ا� FG�($[ ]BC وJ ��&'ا� FG�($[ ]AC  

  BJو AIأ��� 
  ���ABC $=@ھ)� ا���8A: 84 ا�	%�� )1ا���اب:

:�(
;��2 2 2 2 cosBC AB AC AB AC A= + − ×  
�+ أن :�Hوcos cosAB AC AB AC A AB AC A

∧ ∧
⋅ = × × = × ×

���� ���� ���� ����  

2اذن :  2 2 2BC AB AC AB AC= + − ×
���� ����

  

:;�H K
�����5
22 22 1 2 2AB AC= + − ×
���� ����

  

: 8(�4 1 2 2AB AC= + − ×

���� ����

: 8(�1 2AB AC= − ×

���� ����
  


: 8(�1

2
AB AC× = −
���� ����  


)�:�cosAا��)��ج : ;�:cosAB AC AB AC A
∧

⋅ = × ×
���� ����


 8(�
:1

cos
2

AB AC A
∧

− = × ×
: 8(�1
1 2 cos

2
A
∧

− = × ×
 :8(�

( )2

1
1 1 1 2 22c o s
2 42 2 2 2 2 2

A
∧ −

= = − = − = − = −
 

2(2 0DB DC+ =
���� ���� �


: 8(�( )2 0DA AB DA AC+ + + =
���� ���� ���� ���� �

  

2 2 0DA AB DA AC+ + + =
���� ���� ���� ���� �


: 8(�3 2 0AB DA AC+ + =
���� ���� ���� �

  

: 8(�2 3AB AC DA+ = −

���� ���� ����

: 8(�2 3AB AC AD+ =

���� ���� ����
  


: 8(�( )1
2

3
AD AB AC= +
���� ���� ����  

3(( ) ( )1 1
2 2

3 3
AD AB AB AC AB AB AB AC AB⋅ = + = ⋅ + ⋅
���� ���� ���� ���� ���� �������� ���� ����

  

( ) ( )2 21 1 1 1
2 2 1 2 0

3 3 3 2
AB AC AB AB AC AB

  = + ⋅ = + ⋅ = + − =  
  

���� ���� ���� ���� ����  

0ADو$)� :  AB⋅ =
���� ����

ADو8�����5   AB⊥
���� ����

   ��A:+ ا��او
� ABD84أي :   

4:�(
;�(( )1
2

3
AD AB AC= +
���� ���� )اذن :  ���� )

2
2 1

2
3

AD AB AC
 = + 
 

���� ���� ����   

)اذن :   ) ( )( ) ( )2 2
2 2 21 1

2 4 4 4
9 9

AD AB AC AB AC AB AB AC AC= + + ⋅ = + ⋅ +
���� ���� ���� ���� ���� ����   

( )2 1 1 1 7
1 4 4 2 1 2 8

9 2 9 9
AD

  = + − + × = − + =  
  

7اذن :   7

9 3
AD = = 

5 ��
)�:ABC)��� $=@ھ)� ا�	���* -�, ا�	%;�   
2 2 2 21

2
2

AB AC AI BC+ = +
: 8(�22 2 21
1 2 2 2

2
AI+ = +  


: 8(�23 2 2AI= +
: 8(�23 2 2AI− =
: 8(�21 2AI=  


: 8(�2 1

2
AI =
: 8(�1

2
AI =  

 ��
)�:���ABC $=@ھ)� ا�	���* -�, ا�	%;�   
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 2 2 2 21
2

2
BA BC BJ AC+ = +
: 8(�22 2 2 1

1 2 2 2
2

BJ+ = +  


: 8(�25 2 1BJ= +
: 8(�25 1 2BJ− =
: 8(�24 2BJ=  

: 8(�2 2BJ =
: 8(�2BJ =  

�����12: ����ABC : ��75 �%�%$ BC= 3  وAC= 2   
] $)�FG ا�'&��  Iو ����  AB = 7و  ]BC  

)cos ����5	�ل $=@ھ)� ا���A, أ���)أ)1 )B AC
∧

  
1AB ب)أM=N أن : AC⋅ =

���� ����
  

  AI  ج)أ���
��H(M  :  ��75 1=@ ا�)'&�  2 1

3 6
AM AB AC= +
����� ���� ����  

AM  أ��� ) أ AC⋅
����� ����

  
0MB أن :��5  ) ب AC⋅ =

���� ����
   

��	�'��	�� �=�(��5 I�(��O ذا�$ ( )MB  و( )AC                               

  ���ABC $=@ھ)� ا���8A: 84 ا�	%�� )أ)1ا���اب:
:�(
;��2 2 2 2 cosBC AB AC AB AC A= + − ×  

:;�H K
�����5�( )9 4 7 4 7 cosA= + −  


: 8(��( )2 4 7 cos A− = −
 8(�

�( ) ( )2

2 1 7 7
cos

144 7 2 7 2 7
A = = = =

  


)�:)ب)1;�cosAB AC AB AC A
∧

⋅ = × ×
���� ����


 8(�

( )2

77 14
2 7 2 1

14 14 14
AB AC⋅ = × × = × = =
���� ����  

 ���ABC $=@ھ)� ا�	���*: 84 ا�	%�� )ج)1
2 2 2 21

2
2

AB AC AI BC+ = +
(�: 82 2 2 21
7 2 2 3

2
AI+ = +  


: 8(�2 9
11 2

2
AI= +
: 8(�213

2
2

AI=
: 8(�2 13

4
AI =
: 8(�13

4
AI = 

1)أ)2 1 1 1

3 6 3 6
AM AC AB AC AC AB AC AC AC

 ⋅ = + ⋅ = ⋅ + ⋅ 
 

����� ���� ���� ���� ���� ���� ���� ���� ���� 

2 21 1 1 1 1 1 1 2
1 4 1

3 6 3 6 3 6 3 3
AM AC AC AC⋅ = × + = + = + × = + =
����� ���� ���� 

))ب)2 )MB AC MA AB AC MA AC AB AC⋅ = + ⋅ = ⋅ + ⋅
���� ���� ���� ���� ���� ���� ���� ���� ����

 

1 1 0M B A C A M A C A B A C⋅ = − ⋅ + ⋅ = − + =
���� ���� ����� ���� ���� ����

 
: -'�Mو B A C⊥

���� ����
)و������� :  ) ( )M B A C⊥ 

�����13:  ����ABC:��75 �%�%$ 1AB 2BCو   = AC= =  
D  ��75  �&'H2   و 0DB DC− =

���� ���� �
]$)�FG ا�'&�� Iو   ]AB.  

 CIأ���   .1

2.  �- @=-AD
����

  ��J;5AB
����

ACو   
����

  

��5AB أن :  .3 AC AB AI⋅ = ⋅
���� ���� ���� ���

  

1ا��)�I أن:  .4

2
AB AC⋅ =
���� ����  I�(و ا���cosBAC  

ABأ���  .5 AD⋅
���� ����

  ��  BADو ا��)�I ط=��� ا�	%

��HM  : ���3=@ ا�)'&�  .6 7 0MA MC− + =
���� ����� �

  

AM-=@ -�  . أ
�����

  ��J;5AC
����

ACو أ���   AD⋅
���� ����

  
)��5 أن. ب ) ( )MD AC⊥ 


)�:���ABC $=@ھ)� ا�	���* -�, ا�	%�� )1ا���اب:;�   
2 2 2 21

2
2

BC AC CI AB+ = +
: 8(�2 2 2 21
2 2 2 1

2
AI+ = +  


: 8(�2 1
4 2

2
CI= +
: 8(�27

2
2

CI=
: 8(�27

4
CI=  


: 8(�7 7

4 2
CI = =  

2(2 0DB DC− =
���� ���� �


: 8(�( )2 0DA AB DA AC+ − + =
���� ���� ���� ���� �

  


: 8(�2 2 0DA AB DA AC+ − − =
���� ���� ���� ���� �


: 8(�2 0DA AB AC− + − =
���� ���� ���� �

  


: 8(�2 2AD AB AC AC AB= − + = −
���� ���� ���� ���� ����

  
3(( )AB AC AB AI IC AB AI AB IC⋅ = ⋅ + = ⋅ + ⋅

���� ���� ���� ��� ��� ���� ��� ���� ���
  

 �(
;�I ��&'ا� FG�($[ ]AB  وABC  84 وي ا���������$C  

)و$)�  ) ( )IC AB⊥  أيAB IC⊥
���� ���

0ABو$)� :   IC⋅ =
���� ���

  

ABو8�����5 :  AC AB AI⋅ = ⋅
���� ���� ���� ���

  

4(cos0 1 cos0
2

AB
AB AC AB AI AB AI AB AI AB⋅ = ⋅ = ⋅ = ⋅ ⋅ = ⋅ ⋅
���� ���� ���� ��� ���� ���

  

1 1
1

2 2
AB AC⋅ = ⋅ =
���� ����  

1و�cosBAC   �H;P ���ب

2
AB AC⋅ =
���� ����


 8(�1
cos

2
AB AC A

∧
× × =  


 8(�1
1 2 cos

2
A
∧

× × =
 8(�1
cos

2 2
A
∧

=
 8(�2
cos

4
A
∧

=  

5(   �H;P2وAD AC AB= −
���� ���� ����

) اذن :   )2AB AC AB⋅ −
���� ���� ����

AB AD⋅ =
���� ����

  

2AB AC AB AB⋅ − ⋅
���� ���� ���� ����

AB AD⋅ =
���� ����

 
8(�
2

2AB AC AB⋅ −
���� ���� ����

AB AD⋅ =
���� ����

  
21

2 1 1 0
2

AB× − = − =AB AD⋅ =
���� ����

ABأي   AD⊥
���� ����

   

 -'�  12�3A ا�0او�� /� BADو
3)أ)6 7 0MA MC− + =

���� ����� �

8(�( )3 7 0MA MA AC− + + =

���� ���� ���� �
  


8(�3 7 7 0MA MA AC− + + =
���� ���� ���� �


8(�3 7 7 0AM AM AC− + =
����� ����� ���� �

  

8(�4 7AM AC− = −

����� ����

8(�7

4
AM AC=
����� ����  

���ACب  AD⋅
���� ����

  ؟؟؟؟

( ) 2
2 2AC AB AC AC AB AC− ⋅ = − ⋅
���� ���� ���� ���� ���� ����

AD AC⋅ =
���� ����

  

2
2AC AB AC− ⋅
���� ���� ����

AD AC⋅ =
���� ����


8(�22AC AB AC− ⋅
���� ����

AD AC⋅ =
���� ����

  


 8(�1 1 7
2 2 4

2 2 2
× − = − =AD AC⋅ =

���� ����
  

))ب)6 )MA AD AC MA AC AD AC+ ⋅ = ⋅ + ⋅
���� ���� ���� ���� ���� ���� ����

MD AC⋅ =
����� ����

  

7

2
AM AC= − ⋅ +
����� ����

MD AC⋅ =
����� ����


8(�  

7 7 7 7
2 0

4 2 2 2
= − ⋅ + = − + =MD AC⋅ =

����� ����
MDأي  AC⊥

����� ����
   

 -'�)و ) ( )MD AC⊥  

�����14:  ����ABC و $���وي ا������ �
�� ��:+ ا��او%$

B :��752ABرأ�� =  
�R ST(H ع"�  (أUH@ ا�1�T)ABDر�P ا�	%�� ا�	���وي ا#

BAأ���:)1 BD⋅
���� ����

BCو  BD⋅
���� ����

  
  DCو ACأ��� :)2
��51 أن)3 3AC AD⋅ = −

���� ����
   

�W'7O $� أن)4 7
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DAC

π=  

7ا��)�I أن)5 2 6
cos

12 4

π −=  



                               ا��
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)1ا���اب: 

( )2 1
cos cos 2 1
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BA BD BA BD ABD AB BD

π∧
⋅ = ⋅ = ⋅ ⋅ = ⋅ =

���� ���� ���� ����
  

( )2 3
cos 2 sin 2 3

2 3 3 2
BC BD BC BD

π π π   ⋅ = ⋅ + = ×− = − × = −   
   

���� ���� ���� ����  
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 ��
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DC BC BD BC BD
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 
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3
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 
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 
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)�: ���ACD $=@ھ)� ا���8A: 84 ا�	%;�  
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���� ����
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4 2 3 4 2 2AC AD+ = + − ×
���� ����  
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���� ����
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1 3AC AD× = −

���� ����
  

4( � 7

4 3 12
DAC
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AC AD

π π × × + = − 
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16AB AC⋅ =
���� ����
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cos( )
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B AC

∧
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I ��75  �&'H3و  

4
BI BA=
��� ����

]$)�FG ا�'&��Jو    ]BC. و����  
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BIأ���: )3 BA⋅
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���� ����

 8(�
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5( �� ���ABC $=@ھ)� ا�	���*: 84 ا�	%
2 2 2 21

2
2

AB AC AJ BC+ = +
: 8(�22 2 2 1
8 8 2 96

2
AJ+ = +  


: 8(� 2128 2 48AJ= + 
: 8(� 280 2AJ=
: 8(� 240 AJ=  

: 8(� 40 2 10AJ = = 
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 :��7512BA BC⋅ =
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cos( )

3
ABC

∧
=   

J ��75  �&'H5و  

4
BJ BA=
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